In the context of recent experimental observations of an unexpectedly large thermal Hall conductivity, κH , in insulating La2CuO4 (LCO) and SrTiO3 (STO), we theoretically explore conditions under which acoustic phonons can give rise to such a large κH . Both the intrinsic and extrinsic contributions to κH are large in proportion to the dielectric constant, , and the flexoelectric coupling, F . While the intrinsic contribution is still orders of magnitude smaller than the observed effect, an extrinsic contribution proportional to the phonon mean free path appears likely to account for the observations, at least in STO. We predict a larger intrinsic κH in certain insulating perovskites.
Introduction -While it is well known that "neutral" excitations in solids, including phonons and other collective modes, induce some charge motion, it is intuitively clear that this is in some sense a "small" effect. In particular, this suggests that the coupling of such modes to magnetic fields is generically weak, and consequently that their contribution to the Hall component of the thermal conductivity tensor, κ H , is relatively small. This argument is assumed implicitly when the ratio of κ H to the Hall conductivity is used to test the Weidemann-Franz law in metals. It is also why the recent observation of a large κ H in La 2 CuO 4 (LCO) [1] , an insulating cuprate, generated so much interest [2] [3] [4] [5] . Indeed, an anomalous contribution to κ H of decreasing but still comparable magnitude has been identified in the doped material, La 2−x Sr x CuO 4 (LSCO), for a range of 0 ≤ x < 0.19 comprising much of the "high temperature" superconducting range of doping. Still more recently, a comparably large κ H has been found in the nearly ferroelectric insulator SrTiO 3 (STO) [6] .
In this letter we analyze the contribution of phonons to κ H at temperatures small compared to the Debye temperature, so as to identify conditions under which it can be larger than expected on the basis of dimensional analysis. Naively, κ H is small compared to the longitudinal response, κ L , for two reasons: i) κ H is small in proportion to B/B 0 where B is the applied field, and B 0 ≡ φ 0 /a 2 ∼ 10 4 T is the magnetic field corresponding to one quantum of flux (φ 0 = 2π c/e) per unit cell crossectional area, a 2 . ii) κ L is large in proportion to /a, the ratio of the phonon mean free path to the lattice constant. However, especially in the context of STO, we show that κ H is enhanced by a factor proportional to the static dielectric constant, , times the flexoelectric coupling F (defined below). Moreover, we find that there is an extrinsic contribution to κ H that -in common with κ L -is proportional to . A combination of these effects is the likely explanation of the large κ H observed in STO; we speculate that they are responsible for the anomalous thermal Hall response in the cuprates, as well.
To be explicit, at low temperatures in an insulator, the dominant heat carriers are the acoustic phonons. We can express the thermal conductivity tensor in terms of the thermal diffusivity D as
where i, j = x, y, C v = (2π 2 /5)(T / v 1 ) 3 is the specific heat per unit volume, v 1 is an appropriate average of the sound speed over polarizations and directions of propagation, and we will use units in which k B = 1. As is well known, the longitudinal piece of D is D L ≡ D xx = D yy = (1/3)v 2 where v 2 is a slightly different average of the sound speed [7] . In the following, we will focus on D H ≡ (1/2)(D xy − D yx ). [8] Here we have assumed B = Bẑ and assumed rotational symmetry at low energies for simplicity; our results will be qualitatively unchanged in lower symmetry situations.
Effective field theory -The low energy dynamics in a nearly ferroelectric insulator is described by the continuum Lagrangian density L = L 0 + L int + L P in terms of the vector fields u and P, which represent the local acoustic displacement and the dipole density respectively. L 0 is the bare Lagrangian of the acoustic modes
where ρ is the mass density, and K a the elastic moduli.
Here and below ". . ." refers to higher derivative terms. Near ferroelectric quantum criticality [9] , while there is no net dipole density P , it is essential to include a fluctuating dipole order parameter P which arises from a combination of all the infra-red active phonon modes. To leading order
where is the static dielectric constant. Important subleading dynamical terms are discussed later with Eq.(10). Finally, the terms that couple the acoustic displace-arXiv:1910.00018v1 [cond-mat.str-el] 30 Sep 2019 ment to the dipole density take the form
These terms are the lowest order terms (in powers of fields and derivatives) allowed by symmetry. The couplings F a are known as flexoelectric couplings [10] . Their meaning is clear from the corresponding "adiabatic" equations of motion for P, valid so long as the acoustic displacements are slowly varying compared to the energy scale of the lowest optical modes (see Eq. (10))
The first term is the attractive force between the two poles of a moving dipole in magnetic field. The two flexoelectric terms represent the dipole density induced by a strain gradient.
Intrinsic thermal Hall conductivity -While in the absence of scattering, κ L diverges, there is a well-defined intrinsic thermal Hall conductivity [11] . Here, we integrate out P using Eq.(5) for an effective Lagrangian L eff = L 0 + L B , which (to linear order in B) modifies the dynamics of the acoustic mode by
Although the induced L B is "small", both due to the B dependence and the higher derivatives on u, it is nevertheless the leading time-reversal odd term and therefore important. In particular, it introduces a time-reversal odd contribution to the Berry curvature Ω α (k), where α labels the phonon mode and k its momentum. The resulting anomalous motion of the phonons generates an intrinsic thermal Hall conductivity [11] :
where f BE (ξ) is the Bose-Einstein distribution at energy E = ξT . A phonon effective Lagrangian of the present form has been studied in Ref. [11] . The computation of the Berry curvature is reproduced in the Supplemental Material. Its time-reversal odd components are found to be of order
(k ≡ |k|, and v ≡ K/ρ is the sound velocity) up to order 1 dimensionless numbers that depend on the ratios K 2 /K 1 and F 2 /F 1 . Such parameter dependence of Ω is physically intuitive: The first, dimensionless, factor is the typical ratio between L B and L 0 (in the spirit of perturbation theory in B), where we have estimated ∂/∂t as vk/ ; the second factor is because Ω is defined with two k-derivatives times . The same kind of reasoning yields the estimate
where the second dimensionless factor is because κ L , given below Eq.(1), scales with . This analysis also implies κ in H ∝ T 3 as κ L does [11] . In a nearly ferrolelectric material, there is a softened optical phonon branch w that contributes dominantly to P [9] . That is, at temperatures comparable to or above the softened optical phonon gap ∆ w , the dipole density P = ρ e w+. . . , where ρ e is roughly the charge on the positive ions per unit cell, and ". . ." includes contributions from the flexoelectric effect Eq.(5) as well as possibly higher optical phonons. In this case, one must include the heat carried by w. The effective Lagrangian should include the extra terms
where the first term of each line is a reminiscent of L P +L int , and the softened energy gap is ∆ w = ρ e / √ ρ .
Compared to the acoustic phonons, while the thermally excited w phonons are fewer in number due to the gap, their couplings to B could be larger as the couplings involve fewer derivatives than in L B . Therefore, at finite temperatures, the corrections to κ in H due to w should be considered. The details of both the u and the w contributions to κ in H are presented in the Supplemental Material. While the intrinsic thermal Hall effect has been concretely studied, it is most often negligibly small in real materials. As we will see later, in STO, even after an enhancement by the low temperature dielectric constant ≈ 2×10 4 [12] , κ in H is still 10 −4 smaller than the observed value. We will however predict candidate materials in which this intrinsic effect might be sufficiently large for observation.
Extrinsic thermal Hall conductivity -Skew scattering plays an important role in the Hall conductivity σ H , most notably for its linear in contribution [13] [14] [15] [16] . Now we show there is a parallel effect in the phonon thermal Hall conductivity κ H , under appropriate, but unparallel, conditions.
There are two origins of time-reversal oddness during a scattering event. The first is directly associated with the defect off which the particle scatters, and second the Berry curvature effects on the kinetics of the particle itself. The former is the mechanism responsible for the linear contribution to the electronic σ H [16] . Here for phonon κ H , we focus on the latter, i.e. Berry curvature induced skew scattering, primarily because in STO there is no evidence of magnetic defects.
We assume dilute defects that scatter phonons strongly. To understand the importance of this assumption, first recall the opposite case of weak scattering. In this case, the disorder averaged (∆H) 2 is a small parameter, where ∆H is the modification of Hamiltonian density by the disorder. As a consequence of Fermi's golden rule, the typical scattered angle at each event, ∆k, and the inverse of the mean free path due to accumulated mild events, 1/ , are both of smallness (∆H) 2 . Since Fermi's golden rule is manifestly time-reversal even, skew scattering only happens at higher orders in ∆H, which would be (∆H) 4 ∼ 1/ 2 if the time-reversal oddness is solely due to the particle but not the defect. This is smaller than the non-skew scatterings by 1/ ; as a consequence, in electronic systems [16] , the contribution of Berry curvature induced skew scattering to σ H does not scale with . [17] On the other hand, for strong scattering, Fermi's golden rule does not apply. The typical scattered angle ∆k at an event is of order π, and the mean free path is about the actual spacing between the defects; neither scales with the indefinitely large ∆H. Thus, the Berry curvature induced skew scattering scales as 1/ along with non-skew scattering. For phonons specifically, a smoking-gun for strong scattering is that approaches a finite constant as T → 0. (This is "boundary-like" scattering [7, [18] [19] [20] , which we take to be strong and approximately independent of the phonon energy at B = 0.) This will be associated with STO phenomenology later.
With this physical picture in mind, we can write down a linearized Boltzmann equation describing phonon transport in the presence of a static temperature gradient, including an ansatz for the Berry curvature induced skew scattering with dimensionless strength A:
Here we separated the distribution f = f BE + δf + δ f , where δf is of smallness ∇δT , and δ f of smallness B ∇δT , and kept ∇δT and B each to linear order; τ = /v is the relaxation time, and ξ ≡ vk/T . In writing the skew scattering ansatz, for simplicity we have assumed it is dominated by elastic single phonon scattering, whose full collision kernel is
Time reversal transformation requires W k →k (B) = W −k→−k (−B) in the scattering probability. The ze-roth order in B non-skew scattering contributes to the relaxation time approximation (among other multi-phonon processes), while the linear in B, Berry curvature induced, skew scattering is approximated by our ansatz in Eq. (11) . Importantly, the dimensionless parameter A approaches a constant at small k, as we will justify later. The Boltzmann equation Eq.(11) is easily solved by matching orders in B:
where we have used Eq. (8) for Ω, with possible order 1 factors absorbed into A. We can then substitute these solutions into the heat current J
and match with J = κ L (−∇δT )+κ H (−∇δT )×ẑ to identify κ L and κ H , which are associated with δf and δ f respectively. At this point, we shall restore the fact that there are three acoustic modes, hence a multiplicity of 3 for κ L and a multiplicity of 9 for κ H (the extra 3 comes from α δf α (k ) in the collision). This leads to κ L given below Eq.(1), and
The integral can be readily performed, and the result is most conveniently presented as the ratio
This is our main result of the extrinsic thermal Hall effect.
Since κ L ∝ T 3 , we predict κ ex H ∝ T 4 . Compared to the intrinsic effect Eq.(9), we have an enhancement by 5AT /v . We will see this linear in enhancement (with a phenomenological parameter A of order 1), together with the large , reproduces the observed large κ H in STO.
It remains to justify the claim that A approaches a constant at low energies, which is crucial for the T 4 scaling of κ ex H . Note that the dimensionless factor AΩ·(k×k )/ in our ansatz Eq.(11) is the time reversal odd modification to the scattering probability fromk tok. It is controlled by the typical ratio between L B and L 0 , with the extra ∂/∂t in L B estimated as vk/ . Importantly, this ∂/∂t should not be estimated as ∆H/ even though we are considering it during the course of a scattering event, because as we explained before, in strong scattering events no scattering angle would scale with the indefinitely large ∆H. Hence AΩ · (k × k )/ scales as k, and therefore, combined with Eq.(8), A approaches a constant, whose value is determined by but does not scale with ∆H.
Finally, there is another extrinsic contribution to Hall physics, that a particle's center of wavepacket experiences a "side-jump" by ∆r ∼ Ω×∆k during the course of scattering [16] . This extrinsic effect, unlike the skew scattering, does not scale with and hence is of the same order as κ in H . The reason is intuitive: while the shifted distance due to a modified (skew) scattering angle increases with propagation time, the shift that happened at the instant of scattering does not.
Discussion -The behavior of κ H in STO reported in Ref. [6] has several important features, in addition to the surprisingly large magnitude. Firstly, κ H is peaked at approximately the same temperature, T peak ≈ 20K, as κ L -which certainly suggests [6] that they both reflect heat transport by the same set of excitations; in particular, above T peak , acoustic phonons start to lose momentum by Umklapp scattering [7, 19, 20] . Moreover, the recently measured κ L scales as T 3 at low temperatures 10K [21] , and κ H scales as T 4 B in the same temperature range [6] . The T 3 scaling of κ L implies the phonon mean free path is roughly T independent at low temperatures, and is extracted according to Eq. (1) to be ∼ 1µm. [22] The temperature independent has been interpreted [6, 21] as the scattering of phonons off the twin boundaries between tetragonal domains in STO [23] . Importantly, the scattering must not be soft refraction and reflection, but rather some strong interaction process with the localized degrees of freedom on the twin boundaries (such as the localized dipoles [24] ), in order to produce a temperature independent [7, [18] [19] [20] comparable to the twin boundary spacing. While a detailed scattering mechanism has yet to be established, these known qualitative aspects all support the applicability of our theory of extrinsic thermal Hall effect.
To begin with, the observed κ H ∼ T 4 scaling is consistent with that predicted in Eq. (15) . Our theory reproduces the observed magnitude of κ H with the dimensionless parameter A of order 1. STO has a large ≈ 2 × 10 4 at low temperatures [12] . On the other hand, the flexocouplings take "normal" values F ∼ e/4π 0 a [25] (where a = 3.9Å), according to experiments [26, 27] and numerics [28] . The elastic moduli components take the usual values K ∼ 1eV/Å 3 [29] . Thus, at B/c = 10T = [10] .) [31] On the other hand, the intrinsic thermal Hall effect Eq.(9) gives a ratio κ in H /κ L ∼ 2 × 10 −7 for ∼ 1µm, much smaller than the observed value. We estimate that the contribution from the soft optical phonon w (with ∆ w ∼ 24K [9] ) is of order 0.1 of that from acoustic phonon, see Supplemental Material.
According to our theory, a change in the mean free path is not expected to dramatically change κ H /κ L . However, if a single crystal domain is formed (e.g. by cooling under strain [6] ), although l becomes the system size, skew scattering ceases to happen during the transport, and hence κ H should drop to the order of κ in H . This is consistent with the negligible κ H in KTaO 3 (KTO) [6] . Note that in KTO is determined by the system size below ∼ 1K and by soft impurity scattering at higher temperatures [32] , and indeed neither case invokes an linear κ ex H according to our theory. While the intrinsic κ in H is negligible in STO even with the large ≈ 2 × 10 4 , we predict κ in H to be observable in other systems, in particular a large class of perovskites [10] , including Ba 1−x Sr x TiO 3 (BSTO) and PMN-PT, which not only have similarly large but also large flexocouplings F hundreds of times of the "normal" value e/4π 0 a. Furthermore, if some of these materials form structural domains at low temperatures, their κ ex H should be significantly larger than in STO.
Finally, we turn to the observations in LCO and LSCO. In Ref. [1] , after subtracting off a quasiparticle contribution (inferred from σ H using the Weidemann-Franz law), the remaining "anomalous" contribution is found to decrease smoothly with hole doping x, extending to values of x greater than the "optimal doping" that maximizes T c ; indeed, it is suggested it vanishes only for x > p , an independently determined (material dependent) crossover concentration that is roughly p ≈ 0.19 in LSCO. In the range 0 ≤ x < p , the system evolves from an antiferromagnetically ordered insulator through an insulating spin-glass phase and over much of the superconducting dome. The only low energy excitations that exist over this entire range of doping are the acoustic phonons.
In LSCO, there is a T = 0 structural transition (from orthorhombic to tetragonal) at x ≈ p , which might be significant in the context of a phonon skew scattering mechanism. The dielectric constant ≈ 30 in LCO [33] is much smaller than in STO, but the flexocouplings F are unknown and could potentially be larger, as in BSTO. Moreover, the skew scattering might also originate from magnetic defects, the existence of which is plausible given that LCO is an antiferromagnet, and that spin-glass order persists up to x ≈ p [34] (albeit at lower T and larger B than those in Ref. [1] ). On the other hand, in LCO at the lowest T probed so far, κ L (as well as κ H ) drops roughly linearly in T ; this is not the behavior expected in the transport regime we have explored, proving that the present analysis is not directly applicable. Nonetheless, the fact that a phonon mechanism can produce a thermal Hall response of the requisite size in STO leads us to conjecture that the same physical considerations are at play in LCO as well. In this Supplemental Material we present the details of the analysis of the Berry curvature and intrinsic thermal Hall effect of phonons. First we consider the contribution from acoustic phonons only, reproducing the results of Ref. [1] with some rectification. Then we include the contribution from the lowest optical phonons, which, in materials near ferroelectric quantum criticality, may have a small gap that is comparable to the temperatures in the κ H measurements. We discuss our result mainly in the context of the recently measured thermal Hall conductivity in STO [2] . However, the intrinsic effect is ultimately insignificant in STO -it is our hope that the present results will be more directly relevant to other systems as discussed in the Main Text, which have large flexoelectric couplings but lack of structural defects to host a large extrinsic thermal Hall effect.
We start with a general non-interacting theory of bosons and introduce the general notion of boson Berry curvature. We Fourier transform the real bosonic fields φ i (r) (complex bosons can be represented as two real bosons) into k-space, φ i (k) ≡ d 3 r e −ik·r/ φ(r), where i = 1, . . . , n runs over all boson components (e.g. for acoustic phonons, i runs over the x, y, z directions of displacement, while if we include optical phonons as well, then it also runs over the optical motions). The associated canonical momenta π j (k) are defined by the commutation relations
The reality condition requires φ i (−k) = φ i (k) † , and π j (−k) = π j (k) † . We denote the phase space column vector (φ i (k) π j (k)) T as ζ I (k) where the (upper) I runs over both (upper) i = 1, . . . , n and (lower) j = 1, . . . , n. The commutation relations above can be compactly written as 
where H I I (k) is Hermitian and positive-definite (for any k = 0), and H I I (k) = H II (−k) = H * I I (−k). The evolution of the phase space operators is 
where E A A = E A δ A A is diagonal. The diagonalization has two important properties. First, we contract the above on the right with the Hermitian conjugate of M i J , and find must be diagonal (when E has degeneracy, we can choose a basis so that it is diagonal). Now that the left-hand-side is also diagonal, along with its positive-definiteness, we conclude each eigenvalue E A (k) must be real and non-zero, and consequently, we can normalize the eigenvectors so that
Second, we may take the complex conjugate of Eq.(5) and replace k → −k, and use the fact H I I (k) = H * I I (−k), to obtain
Combined with the fact that the eigenvalues are all real and non-zero, this means half of the eigenvalues are positive and half are negative, such that they can be organized as
where (upper) A runs over (upper) α = 1, . . . , n and (lower) β = 1, . . . , n, and we have denoted the positive eigenvalues as E α (k), interpreted as the energy eigenvalues of diagonalized modes α at momentum k. Moreover, the associated left eigenvectors can be organized as
Note that M admits a gauge ambiguity of multiplying on its left a matrix that commutes with E. With the normalization as in Eq. (7), the change of variables we motivated are simply the annihilation and creation operators
(the reality condition ζ I (k) = ζ I (−k) † ensures the definition is consistent under k → −k, and a α (k) and a α (−k) are unrelated), whose commutation relation is rendered by Eq.(7) as we conjugate Eq.(2) by M and M † . The normalization Eq.(7) also allows us to invert M so to express ζ in terms of a, a † . Then we can express the Hamiltonian as
as desired. This is the general procedure of finding the energy eigenstates.
Having diagonalized the Hamiltonian, the Berry connection and Berry curvature of the diagonalized mode α is defined as
,
In Ref. [1] it has been shown that the intrinsic thermal Hall conductivity is given by
where Θ is the step function, f BE (ξ) is the Bose-Einstein distribution at energy E = ξT , and B = Bẑ. As mentioned in the Main Text, the κ H is defined as the macroscopically averaged conductivity, not the bulk local conductivity, which can be drastically from the microscopically averaged value, due to a substantial cancellation between the heat currents carried in the bulk and near the edge [1, 3, 4] . After introducing the general concept, we turn to our particular problem of acoustic phonons from the Main Text. The bosonic fields are the acoustic displacements u i for i = x, y, z. When B = 0, the unperturbed Hamiltonian is
whose π i equation of motionu i (k) = δ ij π j (k)/ρ relates H 0 to the Lagrangian L 0 and vice versa. Thanks to rotational invariance, we can first apply a rotation to diagonalize H 0 as decoupled oscillators and then find the respective (unperturbed) annihilation and creation operators:
where k ≡ |k|, and v α=1,2 ≡ v T ≡ K 1 /ρ is the transverse sound velocity and v α=3 ≡ v L ≡ (K 1 + K 2 )/ρ the longitudinal; the energy eigenvalues are (E 0 ) α = v α k. Here (Rk) α i is any rotation such thatẑ α (Rk) α i = ±k i . For definiteness we choose it to be so that, when k z > 0, R T k is a rotation that follows the Euler angles (0, θk, φk) fromẑ tô k, while when k z < 0 we use the rotation for −k; on the k z = 0 equator the two sides differ by gauge transformation we mentioned before, which does not affect the Berry curvature.
When we turn on the B, the Hamiltonian changes from H 0 by a replacement of the column vector:
and likewise for the row vector u i (k) † π j (k) † . This amounts to a change in the physical displacement momentum ρu j (k) from the canonical momentum π j (k) to a shifted π j (k) + ε jkl ( B l / 2 c) F 1 k 2 δ k i + F 2 k k k i u i (k) due to the L B in the Lagrangian. We can find the new diagonalization M A I (k) in perturbation theory to linear order in B. The energy eigenvalues become
and the associated Berry curvatures are (the M α I components are too cumbersome for presentation) [1]
where ∆ ≡ v L /v T = 1 + K 2 /K 1 (the divergence at ∆ = 1 is an artifact -in that case the modes are nearly degenerate, and upon summation over the modes for κ H the result is finite). The resulting intrinsic thermal Hall conductivity is (which bears some rectification to Ref. [1] )
The first term arises from the k/k 3 terms in Ω 1,2 and the energy split between these two modes; the second term is due to the order B terms in Ω 1,2,3 . This detailed expression of κ in H indeed agrees, in order of magnitudes, with our estimate in the Main Text.
For STO, v L ≈ 7100m/s ≈ 4.7 × 10 −2Å eV/ and v T ≈ 4200m/s ≈ 2.7 × 10 −2Å eV/ at low temperatures [5] , so that ∆ ≈ 1.7, and the factor involving ∆ in Eq.(20) is approximately 2. The density ρ ≈ 5100kg/m 3 ≈ 7.4 × 10 2 2 /eVÅ 5 .
The dielectric constant is ≈ 2 × 10 4 0 for temperatures T 10K [6] . The flexoelectric couplings have been measured [7, 8] , but there is an unsettled ambiguity [9] in the interpretation and therefore the component-wise values and signs are presently unclear; it might also be the case that our rotational invariance assumption is not a good approximation. For now we will just assume F 1,2 in Eq.(20) to take the "normal value" of flexoelectric couplings, e/4π 0 a ≈ 2 × 10 −2 e/Å 0 (for a ≈ 3.9Å) [9, 10] , which is indeed the order of the values from measurements [7, 8] and numerics [11] (with inconclusive sign). Taking B/c = 10T = 1.5 × 10 −4 /Å 2 and T = 10K = 8.6 × 10 −4 eV, we find |κ in H | ≈ 4 × 10 −9 eV/Å ≈ 10 −6 W/Km. This is 10 −4 times smaller in magnitude than the observed value κ H ≈ −10 −2 W/Km (up to a dependence on the sample and thermal history for about a factor of 2) at this temperature and magnetic field [2] .
Having considered the intrinsic thermal Hall effect due to acoustic phonons, now we take the lowest optical phonon into consideration. As explained in the Main Text, for a nearly ferroelectric insulator the polarization is dominated by a single optical phonon branch w that becomes soft, and hence the associated dynamics may be relevant at temperatures comparable to the soft energy gap. We may write down a constitutive relation between the fluctuating dipole order parameter P and the phonon modes (at B = 0):
where w is the displacement vector corresponding to the relevant optical modes that carry the dipole moment, the following terms are the flexoeclectric effect, and we have omitted terms of higher order in derivatives as well as small contributions from higher optical modes. As the w modes are soft, we must include their dynamics, with an unperturbed Lagrangian density
which is already defined to be decoupled from the acoustic branches. The diagonalization of the unperturbed Hamiltonian of the w phonon is similar to that of the u phonon, with the obvious replacements
The unperturbed w boson energies are found accordingly,
where the v T ≡ K 1 /ρ and v L ≡ (K 1 + K 2 )/ρ are the characteristic sound speed of transverse and longitudinal modes respectively. At k = 0 the energies meet at the w phonon gap ∆ w ≡ ρ e / √ ρ that becomes soft for large . Now we include the coupling to B. We first consider the coupling between w andu through the magnetic field, B c · (ρ e w ×u) + . . . .
The leading term is reminiscent of the term (B/c) · (P ×u), which captures the Lorentz force on a dipole in motioṅ u. It is, however, easy to see that at linear order in B this term makes no contribution to κ in H . To show this, we denote the unperturbed annihilation operators associated with the u and the w modes as (a 0 ) αu = (M 0 ) αu Iu ζ Iu and (a 0 ) αw = (M 0 ) αw Iw ζ Iw respectively, where I u runs over u and the associated canonical momenta π, while I w runs over w and the associated canonical momenta , and α u , α w run over the diagonalized annihilation operators of the u and the w branches respectively. Denote the linear in B correction to M 0 due to the coupling above as δM . Consider the Berry connection for the α u band, which, up to a pure gauge, is proportional to J IuI u (δM ) αu Iu (k) * × ∇ k (M 0 ) αu I u (k) + J IwI w (δM ) αu Iw (k) * × ∇ k (M 0 ) αu I w (k).
However, δM has vanishing αu Iu components because the B field coupling above is off-diagonal between u and w; on the other hand, ∇ k (M 0 ) has vanishing αu I w components because in the unperturbed Hamiltonian, u and w are separate at any k. Thus, the (B/c) · (w ×u) coupling does not contribute, at linear order in B, to the Berry connection of the α u bands, and likewise the α w bands, and hence does not contribute to κ in H . For the same reason, magnetic coupling terms mixing w and u at higher orders in derivatives also make no contribution to κ in H at leading order in B. Next, we consider the coupling between w andẇ through the magnetic field,
We are including both a leading and a sub-leading term in derivatives. Before we compute their contributions to κ H , we shall explain the origins of these terms, and explain why it is natural to have an factor in front of the F 1,2 couplings, just as its appearance in front of the flexoelectric F 1,2 couplings. The physical picture is that, for a nearly ferroelectric system, the most relevant motions of the ions are those of the positive charge center and the negative charge center; the relative motions among the positive charges (or among the negative charges) are smaller corrections, which we will now neglect for simplicity. We then define the "bare" variable
